For high-speed trains, active control of the pantograph is crucial technology to collect electrical current from the overhead contact wire. In this paper, a mathematical model of the pantograph-catenary system is developed to design a controller, and then a sliding mode controller is proposed to regulate the contact force in the presence of variation in the equivalent stiffness of the catenary system. Although the proposed controller is based on the standard sliding mode control theory for output regulation problems, a design parameter is introduced to guarantee the existence of sliding mode from a practical point of view. Furthermore, the physical interpretation of the dynamics during sliding mode is given by analysis.
Introduction
For high-speed trains, active control of the pantograph is crucial technology to collect electrical current from the overhead contact wire supported by vertical droppers, hangers and cantilevers (catenary system, as shown in Fig.1 ). The contact force variation can cause contact losses, electric arc formations and sparking. This deteriorates the quality of current collection and increases the electrical related wear, and is one of the limiting factors for the maximum train speed. The increase of the static contact force, which might be considered as a possible solution for this problem, is not an efficient way, because it increases mechanical abrasive wear and produces an excessive uplift of the contact wire. Therefore, maintaining the contact force in an admissible region is crucial for high speed trains and thus modeling and control of active pantograph-catenary systems have been taken much attention from many researchers. So far, some models and controllers for the systems have been proposed. For example, Arnold and Simeon developed a rather rigorous model with PDEs and DAEs and then proposed a numerical solution method (2000), Makino et al. developed a wing-shaped low-noise collector and proposed an H ∞ controller with a disturbance observer (1996), Yamashita and some of the authors of the present paper et al. developed a low-noise active pantograph and then applied a PID controller and an impedance control method (2011), Chartter et al. proposed a controller based on the back-stepping method together with a high-gain observer (2013), Allota, Pisano, et al. proposed higher order sliding mode controllers (2004, 2005, 2008) , Sanchez-Rebollo et al. proposed a hardware-in-the-loop strategy with a PID controller.
We have been developing an active pantograph ( Fig.2 ) and control strategies for several years. In this paper, a mathematical model of our pantograph-catenary system is developed to design a controller, and then a sliding mode controller is proposed for robust regulation of the contact force in the presence of variation in the equivalent stiffness of the catenary system. It is well known that the sliding mode control is one of the most successful approaches in handling bounded uncertainties/disturbances and parasitic dynamics (e.g. Edwards et al., 1998 or Shtessel et al., 2014 . Although the proposed controller is based on the standard sliding mode control theory for output regulation problems, a design parameter is introduced to guarantee the existence of sliding mode from a practical point of view. Thus, the output
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Makoto YOKOYAMA*, Sho YOKOYAMA*, Hikaru SAKAKIBARA*, Shigeyuki KOBAYASHI**, Takayuki USUDA** and Mitsuru IKEDA** regulation problem can be easily solved by bringing about the sliding motion. The effectiveness of the proposed controller is analytically proven with physical observations, and demonstrated through numerical simulations with identified parameter values of the actual pantograph. 
Modeling and analysis
A schematic diagram of lumped parameter system is shown in Fig.3 , where 0 f is static uplift force and the origin in the coordinate is the equilibrium point. Assuming that the catenary wire and the pantograph head including the contact strips are connected, the equations of motion are given by
where 1 t k x ∆ denotes the uncertainty due to the change of the equivalent stiffness t k of the catenary system, and a f is the actuator force which is reduced to p a of its original magnitude by the frame links and becomes the actual control force. The actuator dynamics is assumed to be a first order element as follows:
where v is the command signal to the actuator, T is the time constant, and a a is the DC gain. Taking + Since the contact force includes inertial force of the catenary wire and/or the pantograph head, in order to obtain an expression of the contact force we need the following equations of motion with respect to each mass independently.
From these equations, it follows that the contact force can be represented by
It should be noted that the contact force is not directly influenced by the control force a f . Thus, the relative degree between the control input v and the contact force c f is not 1 but 2, which can be easily verified from Eqs. (4) and (7).
Furthermore, the zeros of the transfer function from the control input to the contact force can be obtained from ( )
It should be noted that two zeros of the transfer function are consistent with the poles of the catenary subsystem itself given by Eq.(1). This observation will be discussed to analyze the sliding motion in the next section.
Controller design
It is very important how to determine a switching function σ for a sliding mode controller, because the sliding motion is prescribed by the switching function; an ideal sliding motion can be represented by 0 σ σ = =  . Taking account of the control objective, i.e. contact force regulation, one might think to take the contact force given by Eq. (7) as a switching function. However, this is impossible for our active pantograph, because the relative degree is 2 as mentioned in the previous section and thus the existence of sliding motion cannot be guaranteed. Therefore we have to find an appropriate simple function to approximate the contact force. To this end, taking account of the actual parameter values of the pantograph-catenary system (nominal values are shown in 
Since this function still results in the relative degree 2 due to the fifth element in the coefficient vector, we define the switching function by modifying the above equation as follows:
where N is a design parameter introduced in order to make the relative degree one,
Remarks:
, which means the switching function can be seen as the approximated contact force. 2. The switching function includes not only the state variables but the uncertainty. In most applications of sliding mode control theories such as position or velocity control system, the switching function consists of the state variables only. In our system, however, the contact force influenced directly by the uncertainty which cannot be ignored is a physical variable to be regulated, and also can be measured by means of load cells.
, the equivalent control during sliding mode is given by
where the first term on the right-hand side, which is often referred to as 'nominal' equivalent control, is evaluated as 
The first two terms in this approximation mean the relative position and velocity feedback, which makes it simple to implement the control law from a viewpoint of required sensors. Although the approximation error in the feedback gains is about 10% at most, it probably would not bring about any serious problem because the equivalent control is an auxiliary component in the control law used to enforce the state trajectory parallel to the switching hyper plane in the state space, yielding smaller relay gain to prevent chattering. Finally, the control law is designed by
where the second term is the so called proportional reaching law, the third term is the relay input, and ρ Φ are the design parameters, and ( )
is not always necessary but used to simplify the expressions of the closed-loop system later.
In order to investigate the existence of the sliding mode, we use the exact nominal equivalent control given by Eq.(11) instead of (12). Let a Lyapnov function candidate to be 
Assuming that t k γ ∆ < , it follows that
Consequently, if the relay gain ρ satisfies the following condition 
where the matrices are represented as block matrices partitioned with appropriate sizes, for example 
Changing the state variable from a f to σ , the state equation (17) 
which indicates that the two poles of the sliding mode agree with the poles of the catenary subsystem if N is sufficiently small. Fig. 4 shows the root locus with respect to the design parameter N based on Eqs. (20) and (21), where a portion of the left figure is zoomed in the right figure. The left figure shows that the approximation given by Eq. (21) is appropriate as 0 N → . It reveals from the right figure that two among the four poles converge to the catenary poles when 0 N → as shown in Eq.(22). Furthermore, this implies that pole-zero cancellation is approximately brought about since the zeros of the transfer function include the poles of the catenary subsystem as mentioned in the previous section. From a viewpoint of output regulation, this fact is not perhaps surprising but natural and desirable.
•Eq. (20) •Eq.(21) Fig.4 Locus of sliding mode poles w.r.t. the design parameter N
Simulation results
In order to investigate the performance of the proposed controller, numerical simulation has been carried out. The parameter values of the pantograph-catenary system are shown in Table 1 , where the parameter values of the pantograph were the estimates by identification experiments, and those of the catenary system were determined based on some references, e.g. Kobayashi et al. (2014) . In the experiments for identifying the parameters of the pantograph model, the head was fixed not to move and some random M-sequences were used as the input ( ) v t to the actuator, as shown in Fig.5(a) . The contact force was measured by a load cell as the output. Making the best use of System Identification Toolbox in Matlab, i.e. black box identification, gray box identification, and decimation etc., the parameter values were finally determined. Figure 5( b) shows the model output compared with the measured contact force in the experiment. It can be seen from this figure that the vibration-mode (about 10Hz) associated with the head-spring is precisely reproduced by the model especially when its amplitude is larger. However, when the amplitude of the measured contact force is relatively small, the model output tends to be larger than it. This is probably because there exist some typical nonlinear properties with respect to friction etc. in the range of low velocity in spite of the use of M-sequences.
When the train speed is 360 km/h and the span length of each cantilever is 50 m, the catenary equivalent stiffness can be assumed to change periodically with 2 Hz as shown in Fig.6 . Taking account of this situation, the design parameters in the controller were determined such that the sliding mode should take place. Actually, to reduce chattering due to the relay component in the control law given by (13), instead of the relay, we used a saturation function with a boundary layer, where the control law is equivalent to a high gain linear state feedback. The design parameters in the controller are as follows:
[ ] 54.95 251.4 , 0.500 1.30 i i − ± − ± , pole in boundary layer : -4, pole outside boundary layer: -2. The control input in the actual system is voltage to the servo-amplifier. Figure 7 shows the contact forces using the active pantograph and a conventional passive one, where control starts at 11 seconds and the transient response to a constant uplift-force is omitted till 10 seconds. The active pantograph achieves much better regulation compared with the passive one. Since the design parameter N is very small ( 0.002 N = − ), the contact force can be seen as the approximated switching function. Therefore, it reveals from Fig.7 that a quasi-sliding mode takes place, which means that the switching function is not identically 54N (in this simulation, the equilibrium with respect to the contact force is the static uplift-force 54N) but very close to it. Fig.8 shows the position responses of each mass , where the free-response of only the catenary system is also plotted, i.e. the pantograph is not connected. It is clear from this figure that the pantograph head is following the catenary wire motion not to prevent its free motion. As mentioned earlier, this can be realized by the fact the two poles during sliding motion agree with the catenary poles.
Figures 9 and 10 show the control input and the actuator force, respectively. Due to the saturation function instead of the relay and the low-pass property of the actuator, there are less high frequency responses in the actuator force in the steady state. 
Conclusions
A model of the active pantograph-catenary system has been developed and analyzed to regulate the contact force. It was shown that the complex zeros of the transfer function from the control input to the contact force are the poles of the catenary subsystem under the assumption that the catenary subsystem is time-invariant with uncertainty. The proposed controller achieves robust output (contact force) regulation by approximate pole-zero cancelation during sliding mode. Furthermore, the system information required for implementation of the control law is available with actual sensors. This means, no observer is needed. Since it was found out through our identification experiments that there were some pantograph head articulated frame catenary free motion
